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1 Introduction

In credit risk management transition matrices have become major inputs for
risk management, credit VaR and derivative pricing. This is aconsequence
of the strongly increased popularity of rating based models forcredit risk
evaluation and management in the last decade.

On the one hand side this popularity is due to the straightforwardness of the
approach: The models use the rating of a company as the decisivevariable
when it comes to evaluate the default risk of a bond or loan. Hence, they
avoid several of the di�culties of the structural models, Merton (1974), like
determining a company's value or volatility.

Also the upcoming new capital accord (Basel II) encourages banks to base
their capital requirement for credit risk on internal or external rating systems
(Basel Committee on Banking Supervision, 2001). With Basel II the Bank of
International Settlements (BIS) aims to strengthen risk management systems
of international �nancial institutions. A vast majority of int ernational operat-
ing banks will use the so-called internal-rating based approach to determine
capital requirements for their loan or bond portfolios (Deutsche Bundesbank,
2005). Thus, assigned ratings and corresponding default probabilities but also
the probabilities for rating changes will be determinants of a bank's credit
risk management. Thus, to calculate VaR �gures especially for internal loan
portfolios a main input will be an adequate transition matrixfor the bonds or
loans.

Unfortunately, due to cyclical behavior of the economy, credit spreads and
migrations are not constant through time. Helwege and Kleiman(1997) as
well as Alessandrini (1999) have shown that default rates and credit spreads
clearly depend on the stage of the business cycle. Nickell et al. (2000) provided
insight that probability transition matrices of bond ratings also vary with the
state of the economy. By separating the economy into two states or regimes,
Bangia et al. (2002) show signi�cant di�erences in the loss distribution of
credit portfolios. Further investigating the issue, Tr•uck andRachev (2005b)
show that such changes in migration or default behavior through time lead
to substantial e�ects on risk �gures for credit portfolios. Kr•uger et al. (2005)
analyze time homogeneity and Markov behavior of an internalrating system
and �nd signi�cant changes in credit migration matrices through time. Thus,
to measure and forecast changes in migration behavior as well as determining
adequate estimators for transition matrices can be consideredas a major issue
in rating based credit risk modeling.

Still, despite the obvious importance of recognizing the impact of business
cycles on rating transitions, the literature is rather sparse onthis issue. The
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�rst model developed to explicitly link business cycles to rating transitions
was in 1997CreditPortfolioView (CPV) by Wilson (1997b) and McKinsey
and Company (1998). Belkin et al. (1998b) as well as Kim (1999) use a one-
factor model whereby ratings respond to business cycle shifts. The model is
extended to a multifactor credit migration model by Wei (2003). Nickell et al.
(2000) propose an ordered probit model which permits migration matrices
to be conditioned on the industry, country domicile and the business cycle.
Finally, Jarrow et al. (1997) and Lando (2000) provide numerical adjustment
methods for migration matrices to obtain risk neutral migration matrices being
in line with market credit spreads.

The focus of this paper is to compare two of the most common approaches
for conditioning credit migration matrices. The one-factormodel implemented
in the CreditMetrics framework will be confronted with numerical adjustment
methods for migration matrices initially suggested in the framework by Jarrow
et al. (1997). We will investigate the in-sample and out-of-sample performance
of these models in prediction of conditional credit migration matrices subject
to business cycle e�ects.

The paper is set up as follows. Section two reviews several methods for ad-
justing credit migration matrices to business cycle e�ects suggested in the
literature so far. Section three describes the considered dataand methods
that were used in order to condition migration matrices to macroeconomic
variables. Section four provides empirical results on forecasting transition ma-
trices and interpretation of those results. Section �ve concludes.

2 Conditioning Migration Matrices to Business Cycle E�ects

In this section we will review some of the approaches on adjusting migration
matrices to the business cycle. As it was mentioned above, only few methods
have been suggested in the literature so far. The �rst model of itskind was the
so-called macro-simulation approach by Wilson (1997b) that isimplemented
in CreditPortfolioView (McKinsey and Company, 1998).

2.1 The CreditPortfolioView Model (CPV) by Wilson

In the macro simulation approach by Wilson (1997b) a time seriesmodel for
the business cycle is used to forecast a macro-economic index. The index is
then used to determine conditional default probabilities and migration ma-
trices. Finally, the forecasted migration matrices are used for simulation of
future portfolios migrations, default behavior and credit VaR.
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Let Yj;t be the macro-economic index for rating classj at time t. Yj;t is derived
from a multi-factor time-series model of the form:

Yj;t = � j; 0 + � j; 1X j; 1;t + � j; 2X j; 2;t + ::::: + � j;m X j;m;t + vj;t : (1)

According to the model the indexYj;t is dependent on economic variablesX j;k

with k = 1; ::; m where vj;t represents an error term. The error termvj;t is
interpreted as the index innovation vector and assumed to be independent of
the X j;k and identically normally distributed, vj;t � N (0; � j ) or vj � N (0; � v).

The macroeconomic factorsX j;k are assumed to follow an auto-regressive
process of order 2 (AR2):

X j;k;t = 
 j;k; 0 + 
 j;k; 1X j;k;t � 1 + 
 j;k; 2X j;k;t � 2 + ej;k;t : (2)

Here X j;i;t � 1 and X j;i;t � 2 denote the lagged values of the variableX j;k , while
ej;k;t denotes an error term that is assumed to be i.i.d, i.e.e � N (0; � ej;k;t ). The
author points out that a alternative strategies may include an ARMA (p; q)
or a vector autoregressive moving average model. However, the independently
AR(2) model was chosen due to its simplicity.

Obviously, based on parameter estimates for equations (1)-(2)a macro-economic
index also for future periods can be estimated. This index can be used to de-
termine conditional default probabilitiespj;t for rating classj in period t. The
author suggests a logit model of the form:

pj;t =
1

1 + e� Yj;t
: (3)

Finally, for estimation of the conditional migration matrix a shifting proce-
dure is used that redistributes the probability mass within each row of the
unconditional migration matrix (Wilson, 1997a). The shift operator is written
in terms of a matrix S = f Sij g and the shift procedure is accomplished by

Pcond = ( I + �S )Puncond (4)

where � denotes the amplitude of the shift in segmentj and is calculated as
� j = ( pj;t =�pj ) � 1 for (pj;t =�pj ) � 1 and � j = 1 � (pj;t =�pj ) for (pj;t =�pj ) < 1.
Hereby, pj denotes the unconditional default probability for rating j (taken
from the unconditional migration matrix) and pj;t the estimated default prob-
ability for rating j and time t. Thus, the amplitude is ensured to be� 1. For
further conditions imposed on the factor� we refer to Wilson (1997a).
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The remaining task is to determine the shift matrixS. Unfortunately, this part
of the adjustment is not completely available in the publisheddocumentation
of CreditPortfolioView (McKinsey and Company, 1998). Wilson (1997a) gives
suggestions for the form of shift matrixS but it is not explained how to
determine the size of the elements what has to be considered as amajor
drawback of the model.

In an empirical study Wehrspohn (2004) examines the estimated long-term
default probabilities by CreditPortfolioView and compares them to Standard
& Poor's cumulated default probabilities. The model is testedboth under an
average macroeconomic situation and a recession scenario. His �ndings are
rather disenchanting. The estimated default probabilities under the average
macroeconomic scenario are on average 5 times higher than thecumulative 10-
years default probabilities of Standard & Poor. Hence, the author concludes
that the model has some de�ciencies in representing market cumulative default
probabilities especially for longer time horizons and shouldbe re�ned in several
ways (Wehrspohn, 2004).

2.2 Adjustment based on Factor Model Representations

The second class of models for adjusting migration matrices areapproaches
based on factor models including a systematic and idiosyncraticrisk com-
ponent (Belkin et al., 1998b; Kim, 1999; Wei, 2003). In these approaches the
one-factor model is adopted to incorporate credit cycle dynamics into the tran-
sition matrix. To implement the technique, in a �rst step a credit cycle index is
built, which indicates the credit state of the �nancial market as a whole. The
model for the credit cycle index should include relevant macroeconomic and
�nancial time series in order to represent the state of the economy adequately.
In a second step the transition matrix is conditioned on the forecasted credit
cycle index. Unlike in one-factor default mode model (Basel Committee on
Banking Supervision, 2001; Finger, 2001) the model of conditioning the tran-
sition matrix should cover also events that lead to upgraded or downgrades.

The so-called credit cycle indexZ t de�nes the credit state based on macroeco-
nomic conditions shared by all obligors during periodt. The index is designed
to be positive in good days and to be negative in bad days. A positive index
implies a lower probability of default (PD) and downgradingprobability but
a higher upgrading probability and vice versa. To calibrate the index, PDs of
speculative grade bonds are used, since often PDs of higher rated bonds are
rather insensitive to the economic state, see e.g. Belkin et al. (1998a); Wilson
(1997b).

Now let St be the speculative grade default probability in periodt while � S
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and � S denote the historical average and the standard deviation of the inverse
normal transformation � � 1(S) of S. Then the standardized expression

Z t =
� � 1(St ) � � S

� S
(5)

follows a Gaussian distribution with expectation 0 and standarddeviation
of 1. SinceSt is restricted to lie between 0 and 1 a simple regression model
cannot be used and a transformation is needed. Instead of the logit model
suggested in Wilson (1997b), here a probit model is used. It is assumed that
defaults re
ect an underlying, continuous credit-change indicator that follows
a standard normal distribution. Thus, St can be modeled as

St = �( X t � 1� + � t ) (6)

where � denotes the standard normal distribution function, X t � 1 a set of
macroeconomic variables of the previous period and� t a random error term
with E t � 1(� t ) = 0. The coe�cients �̂ can then be estimated by

� � 1(St ) = X t � 1� + � t (7)

and the forecast for the inverse normal CDF of the speculative grade default
probability is E t � 1(� � 1(St )) = X t � 1�̂ . Kim points out that the probit model
allows to create an unbiased forecast of the inverse normal CDF of St , given
recent information about the economic state and the estimatedcoe�cients.

The second step is to adjust the transition matrix according to estimated or
forecasted values of the credit cycle index. Following the one-factor model
suggested by Belkin et al. (1998b) it is assumed that ratings transitions re-

ect an underlying, continuous credit-change indicatorY following a standard
normal distribution. Further the credit-change indicator is assumed to be in-

uenced by both a systematic and unsystematic risk component. Therefore,
Yt has a linear relationship with the systematic credit cycle index Z t and an
idiosyncratic error term � t . Thus, the typical one-factor model parametrisation
(Belkin et al., 1998a; Finger, 2001) is obtained:

Yt = �Z t +
q

1 � � 2� t : (8)

Since both Z t and � t are scaled to the standard normal distribution with
the weights chosen to be� and

p
1 � � 2, Yt is also standard normal. Clearly

� represents the correlation between the credit change indicator Yt and the
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Fig. 1. Corresponding Credit Scores to Transition Probabilities for a Company with
BBB Rating (compare Belkin et al. (1998b)).

systematic credit cycle indexZ t . The probability distribution for the rating
change for a company then takes place according to the outcome of the sys-
tematic risk index. To apply this scheme to a multi-rating system, the author
follows a procedure suggested by Belkin et al. (1998b). It is assumed that
conditional on an initial credit rating i at the beginning of a year, one parti-
tions values of the credit change indicatorY into a set of disjoint bins. The
bins are de�ned in a way that the probability of Yt falling in a given interval
equals the corresponding historical average transition rate.This can be done
simply by inverting the cumulative normal distribution function starting from
the default column what is illustrated in �gure 1.

Using the bins calculated from the average transition matrix itis then straight-
forward to calculate the conditional transition probability on the credit cycle
index. On average days we obtainZ t = 0 for the systematic risk index and the
credit-change indicatorYt follows a standard normal distribution. A positive
outcome of the credit cycle indexZ t shifts the credit-change indicator to the
right-hand side while in the case of a bad outcome of the systematic credit cycle
index the distribution moves to the left hand side. Thus, in any year, the ob-
served transition rates will deviate from the average migration matrix we have
to �nd a shift such that the probabilities associated with the bins de�ned above
best approximate the given year's observed transition rates. Hence,� is deter-
mined so as to minimize the weighted, mean-squared discrepancies between
the model transition probabilities and the observed transition probabilities.
Recall that � represents the correlation between the credit change indicator
and the systematic risk. The conditional transition probability pt (i; j jZ t ) for
rating state i to another rating state j has the ordered probit model:

pt (i; j jZ t ) = �

 
x i

j +1 � �Z tp
1 � � 2

!

� �

 
x i

j � �Z tp
1 � � 2

:

!

(9)

The estimation problem then results in minimizing the following expression:
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min
X

j

X

i

nt;j [pt (i; j ) � pt (i; j jZ t )]
2

pt (i; j jZ t )(1 � pt (i; j jZ t ))
(10)

where nt;j denotes the number of transitions from initial gradei to j in the
year t. Further observations are weighted by the inverses of the approximate
sample variancespt (i; j jZ t ). For the procedure of estimating the ordered probit
model we refer to Maddala (1983).

Wei (2003) extends the one-factor model representation by a multi-factor,
Markov chain model for rating migrations and credit spreads. The model al-
lows transition matrices to be time-varying and further driven by rating spe-
ci�c latent variables. These variables can encompass a varietyof economic
factors including business cycle e�ects. Similar to Kim (1999)the starting
point of the model is the assumption that there exists an averagetransition
matrix �P, whose �xed entries represent average, per-period transitionprob-
abilities across all credit cycles. Further it is assumed that the entries in a
transition matrix for a particular year will deviate from the averages, and the
size of the deviations is dependent on the condition of the economy. A fur-
ther assumption is that the size of the deviations can be di�erent for each
rating category. The author assumes that the deviations are driven by K mu-
tually independent, Gaussian distributed factors. Hence, his multifactor credit
migration model is of the form

zij = � (x + x i ) +
p

1 � 2� 2� ij (11)

with rating classesi = 1; :::; K � 1 andj = 1; :::; K . The �rst variable x denotes
the common factor for all ratings, and thex i denote rating class speci�c factors
and � ij represents the idiosyncratic risk. Similar to the described one-factor
model the factorsx; x i and � ij are scaled to a standard normal distribution.
The factorsx and x i encompass the impacts of all economic variables relevant
to rating changes. Further the correlation between any two rating classes is
assumed to becorr(zij ; zkl ) = � 2; i 6= k. For further model description and
parameter estimation we refer to Wei (2003). Note that the univariate one-
factor model such as that of Belkin et al. (1998b) or Kim (1999)is simply a
special case of the model with no rating speci�c shift.

2.3 Numerical Adjustment Methods

In this section we will brie
y review two numerical adjustment method for
migration matrices suggested by Lando (2000). The methods were initially
designed to match transition matrices with default probabilities implied in
market spreads of bonds (Jarrow et al., 1997). However, given estimates for
conditional default probabilities based on the macroeconomic situation they
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can also be used to adjust the transition matrices to business cyclee�ects.
To illustrate the adjustment methods let us consider the continuous-time case
where a time-homogeneous Markov chain is speci�ed via the (KxK) generator
matrix such that the series

P(t) = exp(t�) =
1X

k=0

(t�) k

k!
(12)

gives theK � K t -period transition matrix. Lando (2000) describes three di�er-
ent methods to modify the transition matrices such that default probabilities
implied in bond prices are matched. Out of those we will consider two meth-
ods, one of them was initially suggested in the seminal paper by Jarrow et al.
(1997). Assuming a one-year average transition matrixP and the associated
generator matrix � with P = e� . Let's further assume we have estimated one-
year default probabilities piK . The aim is then to create a transition matrix
~P in a way that the estimated default probabilities match the corresponding
entries in the last column of ~P.

Thus, a procedure for adjusting the transition matrix is needed. The generator
matrix � has to be modi�ed such that the piK equal the default probability
in transition matrix ~P = e~� for all rating classesi = 1; ::K .

The �rst method (Num I) we describe modi�es the default column ofthe
generator matrix and simultaneously modi�es the diagonal element of the
generator according to:

e� 1K = � 1 � � 1K and e� 11 = � 11 � (� 1 � 1) � � 1K

e� 2K = � 2 � � 2K and e� 22 = � 22 � (� 2 � 1) � � 2K

� � � � � �

and for row K � 1:
e� K � 1;K = � K � 1 � � K � 1;K and

e� K � 1;K � 1 = � K � 1;K � 1 � (� K � 1 � 1) � � K � 1;K

such that for the new transition matrix eP = exp( ~�), the last column equals
the estimated conditional PDsp̂ = ( p̂1K ; p̂2K ; � � � ; p̂K � 1;K ; 1).

The idea in the second adjustment procedure (Num II) is to multiply each row
of the generator matrix by a factor� i - sometimes called the risk premium.
Thus, we have to numerically solve
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e� =

0

B
B
B
B
B
B
B
B
B
B
B
B
@

� 1 � � 11 � 1 � � 12 � � � � 1 � � 1K

� 2 � � 21 � 2 � � 22 � � � � 2 � � 2K

� � � � � � � � � � � �

� K � 1 � � K � 1;1 � K � 1 � � K � 1;2 � � � � K � 1 � � K � 1;K

0 0 � � � 0

1

C
C
C
C
C
C
C
C
C
C
C
C
A

(13)

for � i ; i = 1; ::; k such that the last column of ~P(t) equalsp̂.

Unfortunately, Lando (2000) doesn't give any information on how exactly
this numerical procedure a�ects the probability mass of the original observed
migration matrix. Note also, that after the adjustment the generator matrix
has to be checked if it still ful�lls the criteria, namely non-negative o�-diagonal
elements and row sums of zero for each row, see e.g. Israel et al. (2000); Tr•uck
and Rachev (2005b) for further discussion.

2.4 Alternative Models

In the following we will brie
y review two additional methods suggested for
estimation of conditional migration matrices including ordered probit models
(Nickell et al., 2000; Hu et al., 2002) and a regime-switching approach by
Bangia et al. (2002). Note that both approaches will not be investigated in
the empirical part.

Nickell et al. (2000) and Hu et al. (2002) propose the use of Bayesian methods
in combination with an ordered probit model for conditioning credit migra-
tion matrices. The idea is to combine information from the historical average
transition matrix estimate and results from other exogenous variables. The
techniques are related to Bayesian methods for estimating cell probabilities
in contingency tables. The transition matrix is smoothed via a function of
covariates. In the �rst step a so-called appropriate prior is speci�ed and then
updated with a new estimator based on the observed data:

Pt = � � �P + (1 � � ) � Qt (14)

Here �P denotes some average historical transition matrix,Qt is the estimator
for the transition matrix in period t obtained by an ordered probit model and
� a weighting coe�cient. Since the matrix �P is itself an estimator of the true
transition matrix, up-dating this using other information actually corresponds
to a pseudo (or empirical) Bayes approach. Clearly, the problem, next to the
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estimation of Qt , is how to �nd an appropriate value for � . For further expla-
nation of the model we refer to original articles by Nickell etal. (2000); Hu
et al. (2002). Wei (2003) points out that a large quantity of data is needed to
estimate reliable parameters. Note that not only the model parameters for the
probit model and � have to be determined but also parameters for modeling
of the business cycle as a Markov chain.

Bangia et al. (2002) link business cycle e�ects and transition matrices by a
regime switching model. The authors estimate a regime-switching model for
quarterly expansion and contraction classi�cations. Further,average expan-
sion and contraction transition matrices are dtermined. For applications it
is straightforward to link the regime switching and the estimated migration
matrices. Based on estimated probabilities for being either ina expansion or
contraction of the economy using the regime switching process also one-period
ahead forecasts for migration matrices can be obtained. However, simulating
rating distributions based on their approach the authors �nd no signi�cantly
di�erent results for short-term migration and default behavior compared to
using an average migration matrix (Bangia et al., 2002).

3 Data and Models

This section will provide considered data and models in our empirical analysis.
We will compare the the in-sample and out-of-sample performance of adjust-
ment methods for forecasting credit migration matrices. We consider Moody's
credit migration matrices for the US market from 1984-1999. The in-sample
period includes a history of ten years from 1984-1993, while we use a six year
period from 1994 to 1999 to evaluate the out-of-sample forecasting ability of
our models. The compared approaches include one-factor models and numer-
ical adjustment procedures as they were described in the previous section. As
benchmark results we will also an average historical migrationmatrix and the
transition matrix of the previous period as forecasts.

To determine one-period ahead forecasts we use a multiple regression model
of the form:

Z t = c0 +
dX

j =1

cj X j;t � 1 + � t ; t 2 N; (15)

The process dynamic is in
uenced by the vectorX t � 1 of d exogenous macro-
economic variables of the previous period.Z t can either denote the continuous
credit cycle index as it is stated in Kim (1999) or a score corresponding to
a default probability for a certain rating class. Table 1 displays the included
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Variable Notation

Change in consumer price index CP I t � 1

Change in GDP growth GDP t � 1

Change in annual savings SAVt � 1

Change in manufacturing & Sales MAN t � 1

Change in Working output per hour OUTt � 1

Change in consumption expenditures CONt � 1

Change in unemployment rate UNt � 1

Treasury Yields 10,5,3 and 1 year TY10t � 1 etc.

Spread between 10-y and 1-y treasury STRt � 1

Spreads on investment grade bonds SINV t � 1

Spreads on speculative grade bonds SSPEt � 1

Table 1
Included variables for the multiple regression model for credit cycle indices.

variables in the multiple regression model. Both a variety of macroeconomic
variables as well as credit spreads and di�erences between long term and short-
term treasury bonds were considered. To avoid over�tting not more than �ve
variables were permitted in a regression model. In the following we will now
describe the procedure of model estimation and conditioning of the migration
matrices.

3.1 A Factor Model Approach

Following Kim (1999) the multiple regression model (15) is usedfor model-
ing continuous credit cycle indexZ t . It is assumed that the index follows a
standardized normal distribution. Thus, a probit model will allow us to create
unbiased forecasts of the inverse normal CDF ofZ t , given the recent informa-
tion of the last period about the economic state and the estimated coe�cients.
We will neither use just one credit cycle index based on speculative default
probabilities as it is suggested in Kim (1999) nor apply an additional fac-
tor x i for each rating class seperately (Wei, 2003). Instead we consider two
credit cycle indices: one for speculative grade and one for investment grade
issues. For the investment grade issues we use cumulative defaults of issuers
rated AAA; AA; A and BBB while for the speculative grade issues default
probabilities from BB to C were included.

In a second step the forecasts of the credit cycle indices are usedfor deter-
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mining conditional migration matrices. The adjustment is conducted following
the procedure described in section 2.2. However, we include someminor model
extensions. To achieve a better interpretation of the results we will also use
risk-sensitive di�erence indices (Tr•uck and Rachev, 2005a) as optimization cri-
teria for the distance between forecasted and actual migration matrix. Recall
that based on the estimated model, the parameter� and the shifts on the
migrations according to some optimization criteria are determined. In fact,
this a crucial point of the model as it comes to forecasting credit migration
matrices. While Belkin et al. (1998b) suggest to minimize a weighted expres-
sion of the form (9), Wei (2003) uses the absolute percentage deviation based
on the L1 norm or a pseudoR2 as goodness-of-�t criteria. Tr•uck and Rachev
(2005a) show that most of the distance measures suggested in the literature
so far do not measure di�erences between migration matrices adequately in
terms of risk. However, forecasts for transition matrices will be especially used
for determining credit VaR, portfolio management and risk management pur-
poses. Therefore, especially risk sensitive di�erence indices may be a rewarding
approach for measuring the di�erence between forecasted and observed ma-
trices. The di�erence between a migration matrixP = ( pij ) and Q = ( qij ) is
determined in a weighted cell-by-cell calculation. It is based on the distance
to the diagonal of the matrix and whether it is on the right hand or left hand
side of the diagonal. Tr•uck and Rachev (2005a) suggest for example the use
of the following weights:

d(i; j ) = ( i � j ) � (pij � qij ): (16)

Additionally the authors argue that the credit event with the most in
uence
on the loss of a credit portfolio is a default. Therefore, changes in the last
column of a migration matrix obtain a di�erent weight than deviances in the
other cells. The weight is chosen according to the dimensionn of the migration
matrix. Following Tr•uck and Rachev (2005a) we will includetwo risk-sensitive
di�erence indices in our analysis as optimization criteria:

D1(P; Q) =
nX

i =1

n� 1X

j =1

d(i; j ) +
nX

i =1

n � d(i; n ): (17)

D2(P; Q) =
nX

i =1

n� 1X

j =1

d(i; j ) +
nX

i =1

n2 � d(i; n ): (18)

To compare the results with standard criteria also the classicL1 and L2 metric
and so-called normalized squared di�erencesNSDsymm
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DNSD (P; Q) =
nX

i =1

nX

j =1

(pij � qij )2

pij
; for pij 6= 0 (19)

will be considered. Note that these criteria can also be used to evaluate the dis-
tance between forecasted and observed transition matrices fordi�erent meth-
ods.

3.2 Numerical Adjustment Methods

The second approach involves the numerical adjustment methodsuggested
by Jarrow et al. (1997) and Lando (2000). Again we use a multipleregres-
sion model of the form (15), however now for each speculative rating grade
BB; B; CCC as well as for the rating classBBB a separate model is estimated.
For the investment grade rating classesAAA; AA; A we have to follow a dif-
ferent approach. Considering Moody's historical default frequencies in several
years no default could be observed for the three rating classes. To develop a
regression model with only 10 observations, among them several with PD zero
should be avoided. Hence, for rating gradesAAA; AA and A we decided to use
historical default probabilities from the average historical migration matrix �P
as estimators for the next periods PDs in these rating classes. Based on these
assumptions for each year we can estimate the vector for next year's default
probabilities in the individual rating classes:

p̂ = ( p̂AAA;D ; p̂AA;D ; p̂A;D ; p̂BBB;D ; p̂BB;D ; p̂B;D ; p̂CCC;D ; 1)0

Based on these estimates and an average historical migration matrix we can
then apply the numerical adjustment methods suggested in section 2.3.

4 Empirical Results

In this section we will compare in-sample and out-of-sample results for the
described models. In a �rst step the regression models for the credit cycle index
and default probability scores are estimated. Recall that to avoid over�tting
at the most �ve variables were permitted in each regression model.

Among the tested models, the best results for the speculative gradecredit
cycle index were obtained using the macroeconomic variableschange in GDP
growth GDPt � 1, change in annual savingsSAVt � 1, the change in consump-
tion expendituresCONt � 1, the change in unemployment rateUNt � 1 and the
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Variable Notation Z INV ZSP EC

Constant � 0 -3.9731 -0.6182

Change in consumer price index CP I t � 1 0.2187 -

Change in GDP growth GDP t � 1 -0.9338 -0.2461

Change in annual savings SAVt � 1 - 0.1838

Change in consumption expenditures CONt � 1 -1.3744 -0.2509

Change in unemployment rate UNt � 1 0.3616 0.2351

Spread between 10-y and 1-y treasury STRt � 1 - -0.0057

Table 2
Parameter estimates for regression model (in-sample periodfrom 1984-1993).

spread between a 10-year and 1-year treasurySTRt � 1 bond. The model gave
R2 = 0:98, a F-statistic of 43:38 and a corresponding p-value of 0:001, so it is
highly signi�cant. For the investment grade credit cycle index the best results
were obtained with a model including the macroeconomic variables change in
the consumer price indexCPI t � 1, change in GDP growthGDPt � 1, change
of consumption expendituresCONt � 1 and the change in unemployment rate
UNt � 1. The model gave anR2 statistic of 0:82, a F-statistic of 5:52 and a
corresponding p-value of 0:045, so the model is also signi�cant at 5 % level.
All regression coe�cients are signi�cant and show the anticipated sign. Note
that the �t for cumulated investment grade defaults is clearly worse, but it is
generally accepted that investment grade defaults are less dependent on busi-
ness cycle e�ects than speculative grade issuers (Nickell et al.,2000; Belkin
et al., 1998a). The regression coe�cients for speculative and investment grade
credit cycle indicesZSP EC ; ZINV are displayed in table 2. Estimation of the
models for individual rating classes yieldR2 statistics between 0:79 and 0:98.
Parameter estimates and statistics are available on authors request.

After estimation of the regression model in the next step we will determine
conditional migration matrices based on the outcome of the credit cycle in-
dex. We �rst consider the results for the estimated correlation between the
credit change indicatorY and the credit cycle indicesZSP EC ; ZINV . Recall
that in the chosen one-factor model approach� is determined numerically in
order to minimize the distance (9) for all considered transition matrices in the
in-sample period. The shift in the credit change indicator is then due to the
forecasted credit cycle index of the next period and the correlation. Table 3
provides the correlations� Inv and � Spec for investment grade and speculative
grade ratings giving the minimal distance between forecasts and observed mi-
gration matrices for the in-sample period 1984-1993. Note that dependent on
the distance measures we obtain di�erent outcomes for correlation estimates.
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Optimization Criteria L 1 L 2 NSD D1 D2

� Inv 0.0504 0.1143 0.0318 0.1089 0.1762

� spec 0.2176 0.2544 0.1698 0.2115 0.2288

Table 3
Correlation between credit change indicatorsY and credit cycle index Z for invest-
ment grade and speculative grade ratings for the in-sample period 1984-1993.

For the speculative grade model we �nd signi�cant correlations with the sys-
tematic credit cycle index for all optimization criteria. We obtain the lowest
value for the NSD distance criteria with an estimated correlation of 0:1698
while for the other distance measures the correlation with thespeculative
credit cycle index is estimated to be between 0:21 and 0:25. For investment
grade issues the estimated correlations are much lower. This isline with
previous results on the issue mentioned above. Especially when the shift is
conducted to minimize the distance according to theL1 and NSD distance
measure the correlation coe�cient becomes very small, 0:0318 and 0:0504, re-
spectively. This means that for these criteria the systematic risk gives very
little explanation for changes in rating behavior. The highest correlation with
0:1762 is obtained when the distance is minimized subject to theD2 di�er-
ence index criteria. It seems as if according toD2 also changes in investment
grade migration behavior could be explained by the systematiccycle index to
a certain degree.

We will now investigate the in-sample one-period ahead forecasts results for
the di�erent approaches. Table 4 provides in-sample results for mean absolute
forecast errors according to the applied di�erence measures. Asmentioned
above next to a factor-model approach (Factor) and the numerical adjustment
methods (Num I, Num II) two naive methods were included as benchmark re-
sults: using the average migration matrix of the in-sample periods (Naive I)
or the transition matrix of the previous period (Naive II) as estimator. The
estimation period was ten years from 1984-1993. Best results for each distance
measure are highlighted in bold. Note that the mean error or standard devia-
tion of the errors for di�erent indices within the columns cannot be compared
due to a di�erent scale. However, the results in the rows can be compared and
provide the forecasting performance in comparison to other approaches. For
each of the considered distance criteria the one-factor modeloutperforms all
other approaches including the numerical adjustment procedures. In contrast
to these results, the numerical adjustment methods fail to provide better re-
sults than the naive approach for the criteriaL1, L2 andNSD. Especially Num
II that was applied in the seminal work by Jarrow et al. (1997) gives rather bad
one-year ahead forecasts based on the estimated default probabilities with the
credit cycle index. We point out that a more thorough investigation on how
migration probabilities are changed by these methods should be conducted in
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Method Factor Num I Num II Naive I Naive II

Dist. Distance Statistics D(P̂ ; Pobs)

L 1 MAE 0.8058 1.3461 1.7092 0.8809 1.0245

Std 0.2665 0.1415 0.2966 0.2414 0.3056

L 2 MAE 0.0580 0.1802 0.2947 0.0725 0.1022

Std 0.0483 0.0503 0.0885 0.0510 0.0948

NSD MAE 0.2956 0.4773 0.8774 0.3483 0.5911

Std 0.1363 0.1356 0.2544 0.1800 0.4556

D1 MAE 0.3218 0.7592 1.1505 1.2417 1.4969

Std 0.2189 0.3765 0.9526 0.8903 0.7522

D2 MAE 1.9926 6.2919 9.4428 9.6931 10.8898

Std 1.3993 3.2154 4.8858 7.1228 5.5701

Table 4
In-sample results for mean forecast errors according to applied di�erence measures
and adjustment techniques. The estimation period includedten years from 1984-
1993. Best results for each distance measure are highlighted in bold.

the future.

Note that for the one-factor model approach due to the optimization proce-
dure the best in-sample results could be expected. However, it isinteresting to
investigate how much the results improved subject to the considered optimal-
ity criteria. For the L1, L2 metric and the NSD di�erence index we obtain a
decreased mean absolute error by a fraction between 10% up to 50% compared
to the naive approaches. This can be considered as a signi�cant but minor im-
provement. However, the results for the risk adjusted di�erenceindicesD1 and
D2 are more striking. Comparing mean absolute errors between conditional
and unconditional estimates for theD1 and D2 criteria we �nd that according
to the chosen criteria the improvement is highly signi�cant. Forecasting errors
for the naive approaches are approximately 4-5 times higher. For these criteria
also the numerical adjustment methods Num I and Num II give betterresults.
Since more weight is put in the default column the additionalinformation of
PD forecasts for the next period improves the results. However, in comparison
to the one-factor model, forecast errors are still signi�cantly higher.

We also investigated whether the improvement of the forecasting results of
the one-factor model was mainly due to the speculative or investment grade
rating classes of the migration matrix. Table 5 provides the results of the
one-factor model and the naive approaches seperately for initial speculative
and investment grade ratings. We �nd that especially for the risk-sensitive
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Speculative Grade Investment Grade

Dist. Factor Naive I Naive II Factor Naive I Naive II

L 1 0.5060 0.5756 0.6558 0.2997 0.3052 0.3687

L 2 0.0423 0.0557 0.080 0.0157 0.0168 0.0222

NSD 0.1913 0.2425 0.3548 0.1043 0.1058 0.2363

D1 0.2770 1.1620 1.3375 0.0449 0.1197 0.1628

D2 1.6544 8.8322 8.8505 0.3382 0.8609 1.0393

Table 5
In-sample results (mean absolute errors) seperately for investment (Ratings BB,BB
and CCC) and speculative grade (Ratings AAA,AA,Band BBB) issuers.

evaluation criteria the improvement using a credit cycle index for forecasting
speculative grade rating migrations is enormous. Here the forecast error is
reduced up to 80% whenD2 is applied. Further we see that the large deviations
from actual observed migration matrices take place in the speculative grade
area of the matrix where more variation can be observed.

At this point we should also emphasize the advantage of the directed di�erence
indicesD1 and D2 as measure for the goodness-of-�t. It concerns the question
of interpretation of the results. We all agree that a mean absolute error of
0:8058 for theL1 norm cannot be interpreted in terms of risk. Though, using
the risk sensitive di�erence indices we are able to give an interpretation of the
results from a risk perspective. Tr•uck and Rachev (2005a) show that for credit
portfolios distances between migration matrices and creditVaR are highly
correlated. Using Moody's historical migration matrices theyderive for an
exemplary credit portfolio a relationship between credit VaR and the di�erence
between a transition matrix and Moody's average historical migration matrix.
The relationship between VaR andD2 is then approximately expressed by:

V aR95%;t = 138:7675 + 4:7110� D2;t + � t : (20)

The regression model yields anR2 > 0:9 (Tr•uck and Rachev, 2005a). Hence,
due to the very high correlations between the directed di�erence index and
credit VaR we are able to measure our errors on migration matrix forecasts in
terms of risk. This means that the mean error of 9:6931 using the average mi-
gration matrix �P as an estimator can be interpreted for the exemplary portfolio
as an average misspeci�cation of VaR of approximately 4:7110� 9:6931� 45
Mio. Euro per year. For using the migration matrix of the previous year we
obtain an approximate error of 51 Mio. Euro. Using the one-factor model in
order to condition migration matrices to business cycle e�ects the mean ab-
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Year 1994 1995 1996 1997 1998 1999

Speculative Grade

D2 0.2340 0.2058 0.2005 0.1914 0.1961 0.1964

Investment Grade

D2 0.1663 0.1681 0.1579 0.1493 0.1529 0.1489
Table 6
Reestimated correlations of the credit change indicator with the credit cycle index
in the one-factor model approach usingD1 and D2.

solute error is reduced to 1.9926 giving us an average error onone-year VaR
forecasts of 9:38 Mio. Euro for the exemplary portfolio1 . Thus, using the
risk-sensitive di�erence indices as goodness-of-�t measure the forecast error
may be also quanti�ed in terms of risk. We point out that further research on
this issue will be needed, especially on the sensitivity of the di�erence indices.
However, the advantage of an index giving a strong interpretation in terms of
risk will remain.

Finally, we used the developed models for out-of-sample forecasting of rating
migration behavior. The considered period were the subsequentyears from
1994-1999. Based on a yearly reestimation of the regression model and corre-
lation parameters for the one-factor model, forecasts for the migration matrix
of the following year were calculated. Results for the yearlyreestimated cor-
relations of the credit change indicator with the credit cycle index usingD2

are described in table 62 . As it could be expected, the correlation changes
through time and vary between 0.234 and 0.19 for the speculative grade is-
suers. However, fortunately no large variations could be observed indicating
the stability of the model.

Table 7 �nally investigates the out-of sample performance of the considered
models. We �nd that especially for the factor model approach the results are
clearly not as good as in the in-sample period. Still the factor model clearly
outperforms the numerical adjustment methods Num I and Num II and the
benchmark models Naive I and Naive II. However, compared to the in-sample
estimation the average forecasting error is about two times higher, the mean
absolute error is 4:1740 for the factor model approach. For the naive models
the results remain more or less constant while for the numericaladjustment
methods the error increased. Num II even provides the worst results of all
models and is outperformed by the naive approach.

We point out that the results may have been improved by changing the vari-

1 Clearly these are just approximate numbers ignoring variations in LGD �gures
and other components.
2 Results for the other distance measures are available on request from the author.
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Method Factor Num I Num II Naive I Naive II

Year Distance Statistics D2(P̂ ; Pobs)

1994 3.2563 6.9856 9.2745 8.7058 4.4462

1995 1.9834 3.5110 4.2809 1.0289 7.6769

1996 8.8284 14.3459 21.7397 18.9697 17.9408

1997 5.2049 10.8375 14.5619 12.4049 6.5649

1998 2.5774 8.9729 8.0307 5.5436 17.9484

1999 3.1936 7.2204 9.7712 8.5408 2.9973

Average 4.1740 8.6456 11.2765 9.1989 9.5958

Table 7
Out-of-sample results for mean absolute forecast errors according to applied di�er-
ence measuresD2 and adjustment techniques. The out-of-sample period included
six years from 1994-1999. Best results for each year are highlighted in bold.

ables of the macroeconomic forecasting model for the credit cycle index. How-
ever, in order to guarantee a genuine out-of-sample test of themodel the
macroeconomic variables have to be the same for in-sample and out-of-sample
model evaluation. Still we conclude that a regular reestimation of the model
for the credit cycle indices is recommended.

5 Conclusion

In this paper we compared di�erent methods for forecasting transition matri-
ces with business cyle e�ects. Migration matrices can be considered as a major
determinant for the management of portfolio credit risk and VaR determina-
tion in rating based models. Migration matrices due to business cycle e�ects
show strong variations through time that may be captured by conditional es-
timation procedures. The focus was set on a comparison of two of the most
common methods for adjustment of credit migration matrices: aone-factor
model initially suggested by Belkin et al. (1998a); Kim (1999)and imple-
mented in the CreditMetrics framework and numerical adjustment methods
by (Lando, 2000) applied for example in the seminal work by Jarrow et al.
(1997). We used business cycle indicators and Moody's historical migration
matrices for the US market to conduct an empirical analysis.

Our �ndings show that the numerical adjustment methods fail tooutperform
the naive approach of using an average historical transition matrix or the one
of the previous period as forecasts. On the other hand an approach using a
one-factor model for the systematic risk factor provided signi�cantly better
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in-sample and out-of-sample results than the naive approach and numerical
methods. Facing the poor results of the numerical adjustment methods a more
thorough investigation on how migration probabilities are changed by these
methods should be conducted in the future.

Besides the signi�cantly better forecasting results, the one-factor model also
provided correlation �gures that could be interpreted in terms of in
uence
of the systematic risk factor on the credit change indicator. Con�rming the
results of previous studies (Nickell et al., 2000; Belkin et al., 1998a) we �nd
that the correlation between systematic risk and rating changes for speculative
grade issues is signi�cantly higher than for investment grade issuers.

Finally, we illustrated the advantage of using risk sensitive di�erence indices
(Tr•uck and Rachev, 2005a) for measuring the forecast error ofour models. The
mean forecast error may also be interpreted in terms of risk for acredit port-
folio, if information on credit VaR and correlation betweenVaR and changes
in the performance criteria are provided.
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